We present the perturbation theory for lattice magnon fields of D-dimensional O(3) Heisenberg ferromagnet. The effective Hamiltonian for the lattice magnon fields is obtained starting from the effective Lagrangian, with two dominant contributions that describe magnon-magnon interactions identified as a usual gradient term for the unit vector field and a part originating in the Wess-Zumino-Witten term of effective Lagrangian. Feynman diagrams for lattice scalar fields with derivative couplings are introduced, on basis of which we investigate the influence of magnon-magnon interactions on magnon self-energy and ferromagnet free energy. We also comment appearance of spurious terms in the low-temperature series for the free energy by examining magnon-magnon interactions and internal symmetry of the effective Hamiltonian (Lagrangian).
I. INTRODUCTION
Effective field theory (EFT) is well established method for treating models exhibiting spontaneous symmetry breaking [1] and is applicable to low-energy part of any system whose only massless excitations are Goldstone bosons [2] . Initially developed for the description of low-energy sector of quantum chromodynamics (QCD), where it is known by the name of the chiral perturbation theory [2] [3] [4] [5] , EFT was also adapted for the condensed matter problems [1, 6, 7] . In particular, an application of EFT to Heisenberg ferromagnet (HFM) has met with considerable success [8] [9] [10] [11] [12] [13] . As it is well known, the ground state |0 of a HFM is determined by a preferred direction in the internal space, singled out by the total spin S = n S n and small fluctuations of the order parameter near the ground state are described by Goldstone bosons (magnons) of spontaneously broken (spin) rotational symmetry. In the low dimensional (D = 1, 2, D being the dimensionality of spatial lattice) isotropic ferromagnets with short-range interactions, rotational symmetry of the Heisenberg Hamiltonian is restored at finite temperatures [14] and spontaneous symmetry breaking is possible only if D ≥ 3. (Henceforth we will always assume D ≥ 3 and nearest neighbor interaction.)
Spontaneous symmetry breaking (SSB) in HFM is distinguished from its Lorentz-invariant counterparts, since the number of Goldstone particles is less than the number of broken generators. In Lorentz-invariant theories, the number of Goldstone bosons (n GB ), as well as the number of Goldstone fields (π a , a = 1, 2, . . . n GB ), equals the number of broken symmetry generators (n BS ), i.e. n GB = n BS = dim(G) − dim(H). Here G denotes spontaneously broken (internal) symmetry group of the underlying system and H is the symmetry group of the ground state. Even though the symmetry breaking pattern in HFM is O(3) → O(2), the excitation spectrum contains only one type of magnon. This is related to the fact that ferromagnetic magnons possess nonrelativistic dispersion ω ∝ k 2 due to nonzero vacuum expecta- * Electronic address: slobodan@df.uns.ac.rs tion values of charge densities [6, 15, 16] , and a complex field ψ ∝ π 1 + iπ 2 describes a single particle [1, 6, [9] [10] [11] [12] 17] . In other words, π 1 and π 2 represent canonically conjugate variables and not two distinct Goldstone fields [18] . A general theorem on SSB in Lorentz-noninvariant systems [15] asserts that twice the number n BS − n GB equals rank of the matrix ρ, defined by its elements ρ ij = lim V →∞ (−i/V ) 0|[Q i , Q j ]|0 , where V denotes the spatial volume of the system and {Q i } is the set of broken generators (integrals of charge densities). If, as usual, the spontaneous magnetization aligns in the direction of positive z axis, one finds ρ ∝ diag[1, −1] and corresponding single ferromagnetic magnon. This is in accordance with standard spin-wave theory. The theorem was recently proved in [19] using EFT (see also related work in [15, 16, 18, [20] [21] [22] ) demonstrating once again usefulness of the effective Lagrangian method in the theories without Lorentz invariance.
On the other hand, the thermodynamic properties of ferromagnets are usually calculated by some variant of spin-wave theory. The predictions of linear spin-wave theory (LSWT) are reliable almost up to T C /2 (T C denotes the Curie temperature), but for quantitative description beyond this temperatures one needs to incorporate the effects of magnon-magnon interactions. A successful theory of the spin-wave interactions in Heisenberg ferromagnets was put forward by Dyson [23, 24] . He had shown that the kinematical interaction, arising from the limitation on the maximum number (2S) of the spin deviations on each lattice site, may safely be ignored at temperatures not to close to T C . Dyson also demonstrated the weakness of dynamical magnonmagnon interaction by calculating first order correction to the free energy and spontaneous magnetization of 3D HFM, thus providing an explanation for the success of LSWT. The weakness of magnon-magnon interactions reflects itself through the changes in the Bloch's law. The first correction due to magnon-magnon interactions is only of order T 4 , compared to the leading term proportional to T 3/2 . Dyson's results were subsequently rederived using Holstein-Primakoff bosons [25] and the diagram technique for spin operators [26, 27] . (See [28] [29] [30] [31] for a comprehensive reviews and list of original references.) The discovery of high-temperature superconduc-tivity (HTSC) revived interest in the Heisenberg magnets. Since the mid of 1980-ties, a lot of work was put in the understanding of spin-wave interactions in systems of localized spins. Theoretical constructions from this period, dealing explicitly with the Heisenberg ferromagnets, include the modified spin wave theory (MSWT, see [32] [33] [34] ), the large N expansion of SU(N ) Heisenberg models and Schwinger boson mean field theory (SBMFT, see [35] [36] [37] ), the self-consistent spin wave theory [38] and renormalization group (RG) methods [39, 40] . As in the earlier works [25] [26] [27] 41] , the authors of [32] [33] [34] [35] [36] [37] [38] had shown that a realistic description of the low temperature phase of HFM can be reached using bosonic (or combined bosonic-fermionic [38] ) representations of the spin operators within quartic approximation, or with the help of appropriate mean field/random phase approximations (MFA/RPA), without complicated mathematical constructions of Dyson. As an alternative to boson/fermion Hamiltonians, obtained from one of many representation of spin operators [42] , several authors developed the method of double time temperature Green's functions (TGF). (A recent review and original references can be found in [43] .) It is based on the equations of motion for spin operators, which are turned into a solvable system of algebraic equations by suitable linearization. Known as the decoupling schemes in the language of the double time TGFs, the linearizations incorporate effects of magnon-magnon interactions without any direct reference to the nonlinear boson/fermion Hamiltonian, i.e. to the magnon-magnon interaction operator. One of the most frequently used approximations of this kind is the one by Tyablikov (TRPA, see [43] ), usually described as the one in which correlations between S z and S ± operators from adjacent sites are neglected. Magnon energy renormalization, a consequence of Tyablikov's approximation, affects the low-temperature regime of the theory. The low-temperature expansion of ferromagnetic order parameter for 3D lattice calculated in TRPA contains so called spurious term ∝ T 3 , in disagreement with rigorous results of Dyson. Despite this, TRPA yields reliable predictions in accordance with Mermin-Wagner theorem and closed system of equations for correlation functions is often tractable within standard numerical tools. Also, unique solution for critical temperature with self-consistently determined parameters agrees well with Monte Carlo simulations and experimental values [43] . This aspect of true self-consistency comes to be important when real compounds are modeled by Heisenberg ferromagnet/antiferromagnet (see e.g. [44] [45] [46] [47] [48] [49] for an application of TRPA to cuprates, iron pnictides and manganites).
The standard theories of non-linear spin waves mentioned in the previous paragraph are based on boson/fermion representations of spin operators. Since the commutation relations for spin operators and the dynamics of the spin system are fully satisfied only with exact boson/fermion Hamiltonian and corresponding Hilbert space, theories of non-linear spin waves are sensitive to any form of approximation. These include, e.g, various mean-field approximations in the Heisenberg spin Hamiltonian [26, 27, 35, 36] , or approximate boson/fermion expressions for spin operators [25, 38] . Similar remark holds for the theories based on the equations of motion for the spin operators where the approximations are made in the commutator for S ± operators (see [50, 51] and the section II). All these simplifications basically alter the spin nature of (S ± , S z ) operators in a manner that may not be obvious within a given framework. These problems do not arise in the EFT approach, since one works with true magnon operators from the beginning. All simplifications are directly related to the piece of Lagrangian (Hamiltonian) describing magnon-magnon interactions. This makes the influence of approximation more transparent.
To the best of our knowledge, the perturbation theory with lattice regularization has not yet been applied to the EFT of a ferromagnet. There are several reasons for using a lattice within Hamiltonian formalism. First, unlike dimensional regularization, frequently used within EFT framework [2, [10] [11] [12] [13] , the lattice regularization preserves full discrete symmetry of the original Heisenberg Hamiltonian and it seems to be an appropriate method to deal with system initially defined on a lattice. Second, we will address to some issues inaccessible to the continuum field theoretical methods of [9] [10] [11] [12] [13] [15] [16] [17] [18] [19] [20] [21] [22] , such as the influence of interactions on magnon energy renormalization over the entire Brilouin zone. Further, it is the structure of interacting Hamiltonian for ferromagnetic magnons, rather than the general form of interacting Lagrangian, that reveals certain simplifications in the diagrammatic calculation of the magnon self-energy and free energy of O(3) HFM. Although it lacks some of the systematization capabilities of continuum field theoretical approach, the lattice regularized theory can provide us with a useful information not just about spin systems but also on other standard techniques. For example, by examining magnon mass renormalization in sections IV and VI, we reach a clear explanation for spurious T 3 term in Tyablikov RPA.
The section II contains brief discussion on LSWT, the magnon mass renormalization and its influence on the spontaneous magnetization. Some notation on the lattice theory, such as the lattice Laplacian, are likewise introduced there. The effective interaction Hamiltonian of lattice magnons is derived in the Section III, starting from the effective Lagrangian. The Feynman diagrams with colored propagators and vertices, suitable for theories of lattice scalar fields with derivative couplings are also defined in the Section III. Two-loop perturbation theory for lattice magnon self-energy is presented in the Section IV, while three-loop analysis of the free energy is given in the Section V. Results of Section VI, based on continuum field theoretic calculation supplement and clarify findings of two preceding Sections. An important feature of the effective Hamiltonian is identification of the two types of magnon-magnon interaction different in origin. The careful discussion in sections III-VI offers a new answer for appearance of the spurious terms in the low-temperature series and demonstrates the influence of spin-rotation symmetry on the thermodynamic properties of O(3) HFM. Finally, some calculation details and an alternative formulation of the O(2) model of the Subsection IV D are collected in the Appendices.
II. PRELIMINARY DISCUSSION
In this section we are motivating approach to be discussed in detail latter. Also, for the clarity of presentation, we find it convenient to introduce some notation on lattice fields before general perturbation theory.
First, it is instructive to rewrite the Hamiltonian of Heisenberg ferromagnet with nearest neighbor interaction J on a D dimensional lattice
in terms of the discrete Laplacian
Here [
, the lattice Laplacian is (See e.g. [52] )
{λ} are the vectors that connect given site x with its Z 1 nearest neighbors and N is the total number of lattice sites. As we are mainly interested in finite temperatures, imaginary time formalism is used throughout the paper (unless otherwise stated). Employing −∂ τ S j (n, τ ) = [S j (n, τ ), H], j = 1, 2, 3, equation of motion for S(x, τ ) is found to be (imaginary time arguments are suppressed)
Eq. (4) is just the lattice version of imaginary time Landau-Lifshitz equation for operators S(x, τ ). It can be solved in a linear approximation. Assuming the long range order (LRO), we may set S z (n) ≈ S [83] . In this approximation, equation of motion for S + (x) = S x (x) + iS y (x) takes the form of the imaginary time equation for Schrödinger field on the lattice
where we have defined
Similar equation holds for S − (x) = S x (x) − iS y (x). Simultaneously, the linearized commutation relations for S ± operators read
Comparing (7) to the usual form of equal-time commu-
, where v 0 denotes volume of the primitive cell, we see that in this approximation the Heisenberg ferromagnet is described by the bosonic lattice Schrödinger fields
which annihilate and create magnons at lattice site x, respectively. Schrödinger field interpretation can be further justified by solving equation (5) and constructing a diagonal Hamiltonian. Finding plane-wave solutions [53] of (5) ψ
and using eigenvalues of the lattice Laplacian
we find the magnon dispersion
and diagonal magnon Hamiltonian in the linear approximation
where
Operating on the vacuum |0 , a † p creates one-magnon state a † p |0 = |p . These states are normalized as p|q = (2π) D δ(p− q) [6] . We may now identify m LSW as (bare) mass of the lattice field quanta i. e. magnons. We shall continue to refer to m LSW as a magnon mass because of the nonrelativistic form of the dispersion relation (11), even though ferromagnetic magnons are "massless" from the point of view of the Goldstone theorem.
The diagonal Hamiltonian makes thermodynamical properties of a ferromagnet trivial to calculate. For example, at low temperatures, the spontaneous magnetization per lattice site is found to be a vacuum expectation value of
Written in terms of the thermal propagator for Schrödinger field
Here D(0) denotes the propagator evaluated at the origin, n q 0 is the free-magnon Bose distribution and we have used the sum rule [53] β (12), which define the lattice theory of free Schrödinger field, are easily seen to be those of standard linear spin waves (LSW).
The question of how to incorporate the effects of magnon-magnon interactions into equations like (15) has long history and long list of answers. They are grouped in several categories as described in the Introduction. The primary goal of the present paper is to show that thermodynamic properties of a D dimensional O(3) Heisenberg ferromagnet may be calculated within formalism of interacting lattice Schrödinger field, based on the effective Lagrangian. We will show, e.g., that the spontaneous magnetization of O(3) HFM to the first order in 1/S, can be written as S − v 0 G(0), where G(0) is the magnon field Green's function calculated to the one loop. Also, in Sections III-VI we develop the perturbation theory capable for calculating both micro and macro properties of O(3) HFM.
Returning to the magnon dispersion, it is easily seen that approximation S z (n) ≈ S z in (4) eventually leads to TRPA result with the magnon energies
As happens in LSWT, the final result in TRPA contains no information about the short range fluctuations (SRF) of the order parameter if the operator S z (n) is replaced with the site independent average S z . (A discussion about the role of SRF can be found in a recent review [54] .) In spite of that, TRPA incorporates certain type of magnon-magnon interaction that renormalizes magnon mass according to (16) . Since the approximation is made directly in the equation of motion, an explicit form of magnon-magnon interactions that yield (16) can't be deduced in TGF formalism. Tyablikov's result (16) for HFM was subsequently re-derived by linearizing the commutation relations for Fourier components of S ± n operators [50, 51] similarly as in this section, using the perturbation theory for self-consistent mean field approximation [26, 27] , various diagram techniques for spin operators [28, 55] , drone-fermion for S = 1/2 and S = 1 [56] and pseudofermion representation for spin S = 1/2 ferromagnets [57] . Although both the spin-operator diagram technique and the pseudo/drone fermion representations eventually yield TRPA result (or improve it), non of these approaches describes HFM as a system of interacting magnons built on LSWT as the non-interacting theory, i.e. using the perturbation theory for interacting magnon fields without additional MFA/RPA approximations. The issue of magnon-magnon interactions in TRPA can be resolved by interpreting TRPA as a certain type of EFT. As a corollary, we will give a clear answer for the spurious T 3 term of Tyablikov.
III. EFFECTIVE INTERACTION OF THE LATTICE MAGNON FIELDS
We have seen in the previous section that the LSWT description of HFM is equivalent to a theory of free lattice Schrödinger field. The rest of the present paper will be devoted to the influence of magnon-magnon interactions on microscopic and macroscopic properties of a ferromagnet. The simplest choice of the interaction for the Schrödinger field, with the Hamiltonian density
2 simply won't work because the vertices of [ψ † (x)ψ(x)] 2 interaction carry no momentum, so it can not renormalize the mass of a ferromagnetic magnon. The correct form of the effective interaction is most easily formulated in terms of the Goldstone fields π a (x).
A. Effective Lagrangian
As noted in the Introduction, the general effective Lagrangian is written in terms of Goldstone fields π
Various terms appearing in the effective Lagrangian are organized in the powers of momenta of the Goldstone fields. The leading order Lagrangian collects all contributions of the order p 2 . If the system is invariant under parity, which is the case with the Heisenberg Hamiltonian (1), only terms with even powers of momenta are permitted. The next-to-leading order Lagrangian then contains all contributions of the order p 4 and so on. Translated into the direct space, the powers of momenta correspond to the derivatives. The effective Lagrangian is constructed by adding terms with increasing number of derivatives of the Goldstone fields, with the lowest order term containing two derivatives. It should be noted that for systems whose massless excitations characterize nonrelativistic dispersion ω ∝ p 2 , such is HFM, single time derivative counts as p 2 , i.e. as two spatial derivatives or a single power of temperature [6, 10, 11] . Expansion in the powers of momentum is always terminated at some finite order and, beside Goldstone fields and their derivatives, the effective Lagrangian also includes several coupling constants whose values are not specified by the symmetry requirements. They can be determined by comparison of predictions of EFT with numerical simulations, experimental results or by matching with detailed microscopic calculations [1, 2] . When the effective Lagrangian is constructed, a straightforward application of Feynmann rules enables one to calculate the correlation functions, partition function etc. For a Heisenberg ferromagnet G = O(3), H = O(2), and the spontaneous symmetry breaking is accompanied by two real Goldstone fields π 1 (x) and π 2 (x). However, the ferromagnetic magnons possess nonrelativistic dispersion relation (ω ∝ k 2 ) and a complex field ψ ∝ π 1 + iπ 2 describes a single magnon [1, 6, [9] [10] [11] [17] [18] [19] .
Effective Lagrangian for HFM was introduced in [6, 8, 58] (see also earlier works [59] [60] [61] ), and a detailed derivation of the partition function up to the three loops using continuum approximation and the dimensional regularization, resulting with the leading corrections to Dyson's analysis of 3D HFM, can be found in [11] (see also [9, 10] and [12, 13] for corresponding analysis of the two dimensional ferromagnet). In the present paper, a slightly modified path will be followed. As one of our interests lies in the mass renormalization of the lattice magnons, we wish to preserve the full discrete symmetry of lattice spin Hamiltonian (1) . Because of that, we find it more convenient to work in the Hamiltonian formulation of lattice field theory [62, 63] , leaving only (imaginary) time coordinate continuous. Therefore, the first task is to construct the effective Hamiltonian that describes interactions of lattice magons with nonrelativistic dispersion. Details for lattice regularization of the Lorentz-invariant effective field theory can be found e.g. in [64, 65] .
The leading order real time effective Lagrangian of O(3) ferromagnet is [6, 58, 59 ]
where two magnon fields are collected into the unit vector
T , Σ = N S/V is the spontaneous magnetization per unit volume at T = 0K and F is a constant. The first part of Lagrangian is usually denoted as Wess-Zumino-Witten (WZW) term. It gives rise to the Berry phase [66] and is responsible for the classical dispersion of the ferromagnetic magnons (ω ∝ k 2 ). The presence of WZW term makes Lagrangian rotationally invariant only up to the total derivative. As it will be shown, the inclusion of magnonmagnon interactions arising from WZW term is crucial for correct low-temperature description of O(3) HFM. The next-to-leading order Lagrangian contains terms such as
α U i with arbitrary coupling constants l 1 , . . . l 4 [10, 11] . These O(p 4 ) terms shall not be directly included in the effective Hamiltonian. Instead, higher order momentum contributions will appear naturally in a lattice regularized theory. This regularization, however, restricts possible choices for higher order terms (See section VI).
B. Transition to interaction picture
The use of perturbation theory requires clear separation between the free-magnon part, which must be identified with (12) , and the interaction part of the Hamiltonian [67] . To extract them from the Lagrangian (17), we may rewrite it in terms of the complex field ψ = Σ/2[π 1 + iπ 2 ] which describes the physical magnon, and follow the standard canonical prescription. However, this is not the most efficient way to construct interaction picture. The WZW term modifies canonical momentum, from iψ † of noninteracting theory, to 2iψ
, where
Consequently, the complex fields ψ and ψ † that enter Hamiltonian are not those obeying equal-time commutation relations. As the connection between canonical momentum and ψ † is highly nonlinear it can be solved for ψ † only iteratively. Because of that, an important part of magnon-magnon interactions is not manifest in the Hamiltonian, since it enters the quantum theory through the failure of ψ and ψ † to satisfy canonical Schrödinger-field commutation relations. This is reminiscent of the situation dealt with in the spinoperator approach to Heisenberg magnets: the commutation relations governing the dynamics of system are neither Bose nor Fermi type and the interaction is generated by expanding localized spins operators in terms of boson/fermion operators [25, 28, 30, 38, 42] . For the present purposes, however, it is desirable to have an explicit form of the magnon-magnon interaction.
A different strategy [67] makes use of the equation of motion, which in the present case is the Landau-Lifshitz equation [6] ,
to eliminateπ 1 andπ 2 from the interaction part of the Lagrangian (17) . Here ∆ = ∂ α ∂ α . In this manner we find the free-magnon Lagrangian
and the interaction piece
Canonical interacting quantum theory can now be easily constructed starting from L free and L int . To perform twoloop calculations for the self-energy ant three-loop calculations for the free energy, we need to retain tjhe magnonmagnon interaction up to and including six magnon operators. By expanding (20) we find that terms with six π a operators precisely cancel, in contrast to a Lorentzinvariant theory [5, 64] . Remaining four-magnon terms are then collected to [84] 
Finally, by putting the free Hamiltonian and interaction part (21) on the lattice, we obtain the effective 
Hamiltonian for lattice magnon fields
where ∇ 2 denotes the lattice Laplacian and the lattice Schrödinger field is (Σ = S/v 0 in a lattice theory)
In what follows, ψ will always be written to the right in expressions like π · π. H 0 is basically LSWT Hamiltonian (12) and with this choice for L free and L int (i.e. H 0 and H int ), ψ and ψ † do satisfy canonical commutation relations for Schrödinger field. Unlike in its continuous counterpart, the discrete symmetry of the original Hamiltonian (1) that modifies magnon dispersion in higher orders of momentum is fully preserved in (22) and (23) . Hence, all higher order terms in momentum, i.e. in spatial derivatives, that resolve the lattice structure at the same time describing the free magnons are collected in H 0 . This fact simplifies further calculations. Magnonmagnon interactions in accord with lattice structure and internal symmetries, to the order considered here, are collected in H int . One can choose constant F 2 to be Σ/(2m LSW ) = JS 2 Z 1 |λ| 2 /(2Dv 0 ), so that the energy of free lattice magnons is measured in units of J [85], as in LSWT (see (11) and (12)). Of course, this is unnecessary, since the value of F can be deduced from the experimental data on magnon dispersion. In terms of the unit vector U , spontaneous magnetization can be calculated as S z = S U 3 ≈ S − (S/2) π 2 , which coincides with (15) . Hamiltonian (22) resembles the Hamiltonian first obtained by Dyson, starting from nonorthogonal multi spin-wave states [23] . It was subsequently rederived using boson representations for the spin operators [25, 68] . However, (22) is expressed in terms of true magnon field operators, with no direct connection to the localized spins of (1). Also, it is seen from the derivation of (22) int are therefore essential for preserving the spin characteristics of bosonic field U (x).
After the free and interaction parts of the Hamiltonian have been constructed, the perturbation theory may be applied to calculate the Green's function
with U (β) = T exp − β 0 dτ H int (τ ) , and the free energy, thereby determining the influence of interaction on magnon energies and thermodynamic properties of the system. By expanding the exponential in definition of U (β), we arrive at the Feynman rules for interacting lattice magnon fields in O(3) HFM. We shall now introduce a convenient variant of Feynman diagrams.
C. Diagrammar
To define graphical calculations suitable for particular interaction in (22) , i.e. in (23) , consider the two-loop diagram for self energy depicted at FIG 1, and a typical contraction proportional to (we abbreviate ψ(x, τ x ) as ψ x , etc.)
Two lattice Laplacians, acting upon magnon propagators [which are explicitly given in (14)], appear in the upper integral. The expressions containing discrete Lapla- cians could be rewritten as the difference between value of lattice fields on a given site and on all of its nearest neighbors (see (3)), which would seemingly simplify expressions like (26) . However, the eigenvalues of ∇ 2 are proportional to the free magnon energies and the physical interpretation favors the use of lattice Laplacian. Therefore, we will stick to the form explicitly containing lattice Laplacian. To distinguish between two or more Laplacians in diagrams, we introduce colored lines and vertices. The full consistency of Feynman diagrams with colored propagators is achieved by supplementing the rules of preceding paragraph with additional conventions concerning loops closed around a single vertex. These appear, for example, in the one-loop corrections to the magnon propagator as well as in the perturbative corrections to the free energy. Consider first the one-loop diagrams. If the Laplacian of H (I) int acts on a single propagator, the loop will be drawn half-colored, so that only one colored part of the loop ends at
. If the same situation occurs with , the line is in full color. Thus we have
but, also
with D(p, ω n ) denoting the Fourier components of lattice magnon propagator (14) . These rules also apply to the diagrams with two loops attached to . Also, they hold if the Laplacian of H
int acts on propagators belonging to the same loop, as in (28) . If, hoverer, the Laplacian of H (II) int affects propagators from different loops, they are to be drawn half-colored. For example
Of course, it is of no importance if the upper or the lower part of diagram in (29) is colored. Hoverer, both of these are not to be counted, since they represent the same contraction.
As an example, in FIG 2 we give the full set of colored momentum space diagrams corresponding to the upper diagram of FIG 1. Each of these diagrams is to be multiplied by factor 2, due to two identical sets of contractions generated by two ψ † b operators of H (II) int . We shall refer to the diagrams with colored lines and vertices as colored contractions.
In a final remark, we note that extension of multi-color line formalism to higher order interactions is straightforward. A glance on (20) reveals that all vertices of effective interaction, regardless on the number of π a fields, carry single discrete Laplacian. Also, the method of multi-color Feynman diagrams is, with minimal interventions, applicable to various theories of scalar fields with derivative couplings. In particular, we shall find them very useful in the Section VI. 
IV. MAGNON SELF-ENERGY AT TWO-LOOP
A. One-loop correction to the magnon self-energy
The graphs occurring at the one-loop approximation are given in FIG 3. The explicit form of the correction arising from the first vertex is easily found using Feynman rules defined above:
It is understood that external legs, black and colored, are to be amputated. Further,
Since the first two diagrams of (31) vanish, by performing summation over the Matsubara frequencies, we obtain
where we have exploited cubic symmetry of the lattice, and n q 0 represents the Bose distribution for free magnons. According to (32) , magnons acquire mass
r ] −1 = m
This result can be made self-consistent bu further summation, i. e. by replacing the propagators with full
Green's functions in (30) and (31) [m
with n q denoting the Bose distribution for magnons with energies q 2 /(2m
R ). If constant F 2 is chosen so that H 0 of (22) fully coincides with (12), i.e.
R ) is precisely renormalized spin-wave energy, obtained for the first time in [41] by minimization of the free energy of a ferromagnet, where the spin Hamiltonian (1) is written in terms of Dyson-Maleev (DM) bosons with only diagonal part of the interaction being retained. It was also obtained by the bubble diagram summation [69] , again using DM representation. However, only the derivation of (34) using effective Lagrangian clearly shows that the effects of two distinct types of magnon-magnon interactions are accounted for in (34) .
B. One-loop approximations for the spontaneous magnetization
The one-loop corrections to the LSWT result for spontaneous magnetization are found by substituting magnon propagator with Green's function calculated to the one loop in (15) . This is easily obtained by keeping the external legs in (30) and (31) . The result is
There is an obvious virtue in writing the spontaneous magnetization as in Eq. (36) . The term S−v 0 q n q 0 describes the reduction of spontaneous magnetization due to free magnons. Its low-temperature expansion for 3D HFM contains well known contributions proportional to T 3/2 (Bloch's law), T 5/2 , T 7/2 and so on. On the other hand, the corrections arising from the magnon-magnon interactions are entirely collected in the integral proportional to 1/T . More generally, the low-temperature series for spontaneous magnetization of a D−dimensional simple cubic HFM in the one-loop approximation consists of two parts (33) and self-consistent renormalized magnons (SCRM) given in (34) .
and the free-magnon coefficients α i are given by
The temperature expansion of one-loop correction to LSWT results is
with
In the formulae above, ζ(x) denotes the Riemann zeta function and D ≥ 3 is understood. For D = 3, the lowest order correction from magnon-magnon interaction comes to be ∝ T 4 , in agreement with Dyson [24] . We note that the correct form of leading order contribution is found easily, evaluating only a single type of diagram indicated at FIG 3. This should be compared with continuum field-theoretical calculations [10, 11] , where number of diagrams to be evaluated becomes greater with increasing dimensionality of the lattice (see also the Section VI). Also, the lattice regularized theory allows for a comparison with LSWT and other methods, such as Tyablikov RPA, even at not too low temperatures.
The plot of spontaneous magnetization of spin S = 1/2 and exchange integral J = 10K calculated by LSWT (Eq. (15)), Tyablikov RPA, the one-loop approximation of Eq. (36) and dressed magnons of (33) and (34) is presented at FIG. 4 . We have set F 2 = JSΣa 2 in (36) to work with a common energy scale. The TRPA result for T C is ≈ 10.065 K (For precise calculation of the critical temperature in TRPA, see [49, 70] and references therein).
C. Two-loop corrections to the self-energy
The self-energy graphs with two loops, involving vertices and can be classified in two groups. 
The contribution from diagrams presented at FIG 6 consist of two parts, both of which change the geometry of magnon dispersion: The first part is proportional to k
and the other one to k
We have introduced here a shorthand notation for the vertex function, obtained by double Matsubara-index summation
From (32), (42), (43) and (44), we find the magnon energies at two loop
It is seen from (46) 
D. TRPA as an effective field theory
Now that the picture of HFM as a interacting magnon field is complete, we can make some observation on TRPA result for spontaneous magnetization and free energy. They may not be apparent, or even accessible within conventional TGF methodology or any other approach that relies on boson/fermion representation of spin operators. Present derivation of TRPA dispersion relation for magnons, and latter discussion on spurious T 3 term, clearly isolates the influence of retained magnon-magnon interactions from the neglection of short-ranger fluctuations in mean number of magnons per lattice site. Consider a system of magnons for which the free Lagrangian is (19) and interaction is described by L int obtained from (20) by neglecting the second term proportional to π · ∆π and keeping only √ 1 − π 2 in the square bracket. Corresponding Hamiltonian that includes up to four magnon operators, H = H 0 + H int , is easily constructed. Since H int = −H (II) int , the one-loop self energy is found from (31)
We shall now assume that the mean number of excited magnons is the same at each lattice site. This simplification mimics TRPA replacement of the operator S z n with the site-independent average S z . Then (11), and δω 2loop (k) is given in (45) and (46) . S = 1/2, D = 3J = 10K and T = 1K for both curves equals the mean number of magnons on each lattice site, n x . The magnon energies may now be written as
which we may, for low temperatures, identify with TRPA energies (16) . In other words, the effective Hamiltonian of Tyablikov RPA, written in terms of lattice magnon fields is (50) with H 0 defined in (22) . Reversing the arguments that lead to the H RPA eff , and also to the correct interacting Hamiltonian of lattice magnons (23), we see that TRPA results are generated starting from the leading order effective Lagrangian
This Lagrangian manifestly violates spin-rotational invariance of the original Heisenberg Hamiltonian (1).
Various explanations for the spurious T 3 term in TRPA expansion of the ferromagnetic order parameter and the error caused by the Tyablikov decoupling at low temperatures have been offered by many authors. For example, in the Tyablikov's monograph, it is attributed to the "approximate character" (of the decoupling approximation) and the "neglection of the fluctuation of order parameter" [74] . In the context of the spin-diagram technique, authors of [26, 27] state that T 3 arises since "in the decoupling methods terms after r represents the formal expansion parameter in the spin-diagram technique, namely the reciprocal interaction volume.) In [55] , the main feature of TRPA is recognized as being "uncontrolled expansion to all orders in 1/Z 1 ". On the other hand, the authors of [51] conclude that erroneous T 3 term in TRPA "comes from taking expectation values in the equation of motion too soon". Finally, in [54] , Tyablikov RPA is described as an approximation "in which contributions of static fluctuations of spins are neglected". However, it is also noted in this reference that T 3 term will appear in any approximation that incorrectly treats spectral density entering the correlation function S − S + k . All arguments quoted above rely directly on the localized spin operators [54, 55, 74] that define Heisenberg Hamiltonian (1) or on their boson/fermion representations [26, 27, 51] . The derivation of Tyablikov RPA in terms of lattice magnon fields, as given in the present paper, provides a simple and straightforward answer based on the internal symmetries of the Heisenberg model. It is seen from the equations (50)- (51) that Tyablikov RPA incorrectly describes O(3) HFM at low temperatures since it eventually results from the effective Lagrangian (51) that does not preserve spinrotational symmetry of the Heisenberg ferromagnet (1). Explicitly, interactions of the form π 2 π·∇ 2 π arising from the WZW term H (1) int are omitted in TRPA. It may also be said that due this reduction of magnon-magnon interactions in the effective Lagrangian, localized spins of HFM are inadequately described by the unit vector U (x).
We note that essential error in TRPA is made when magnon-magnon interactions arising from the WZW term are omitted. Neglection of the SRF of the order parameter, i.e. neglection of the fluctuations in the mean number of magnons at adjacent sites (the replacement of v 0 q n q 0 γ(q) with v 0 q n q 0 = n x ) merely modifies coefficient of the T 3 term. To show this, we find the first order correction to the spontaneous magnetization based on Eq. (31)
The leading order term in temperature expansion of Eq. (52) for D dimensional simple cubic lattice is
and for D = 3, it corresponds to spurious T 3 term. If an additional assumption on the absence of SRF is included, the term ∝ ζ (D/2 + 1) ζ (D/2 − 1) is missing from (53) . The Tyablikov's T 3 term [74, 75] ,
is found by setting F 2 = JSΣa 2 (See (35)). An alternative formulation of O (2) model (50) is given in the Appendix B.
V. FREE ENERGY AT THREE-LOOP
For the subsequent analysis of the low temperature thermodynamics, we shall include weak external magnetic field directed along the 3-axis. It opens the gap in magnon spectrum
and it is included in the effective Lagangian by standard Zeeman term [6] .
Note that the interaction Hamiltonian does not contain terms proportional to the external field H. This is an exact result to all orders in π 2 , and it follows from the equation of motion.
A. Two-loop correction to the free energy
The first-order correction to the free energy (see e.g. [76] ) of lattice magnons, involving the two-loop graphs, is given by
with the notation introduced in previous sections. According to the Feynman rules defined in III C, these diagrams decompose to
so that the first correction to the free energy per lattice site is given by
The temperature expansion of (60) starts with T
D+2
term. Specifically, for D−dimensional cubic lattices, it is
If D = 3, this gives leading-order part of Dyson's T 5 term [24] . It receives contribution from higher-loop diagrams in the lattice regularized theory (see the subsection V C).
At this point we also justify one-loop calculation of spontaneous magnetization from previous section by showing that corrections to LSWT from (36) can be obtained from the first-order correction to the free energy of lattice magnons. The first correction to spontaneous magnetization (per lattice site) is δ S z = −∂(δf 2loop )/∂(µH)| H=0 . Differentiating (60) with respect to µH and setting H = 0 we readily recover equation (36). 
Further, for the graph with two vertices from H
int , we find
This term consists of two different colored contractions, each appearing twice. The total contribution of the graphs that involve vertices of both H
int and H
int is δf (a)
In this case, one of the colored contractions appears eight times and the other two four times each. Finally, by putting contributions (62)- (64) together, we find the first part of three-loop contribution to the magnon free-energy per lattice site
The calculation resumes in a similar manner for remaining diagrams of b-type, i.e. for lower three diagrams of FIG 8. They add up to
with three-index Matsubara sum
Now we consider limit a → 0 and examine three-loop integrals (65) and (66) in detail.
C. Analysis of the three-loop integrals
First, it is easily seen that δf (a) 3loop vanishes in continuum limit, thus contributing nothing when the lattice anisotropies are neglected. This was pointed out in [11] for D = 3. Its lowest order contribution is proportional to T
[3D+6]/2 . For D dimensional simple cubic lattice, this term is
It turns out, however, that this is not the leading order correction to the Dyson's T D+2 term. The leading order correction to T D+2 term in the low-temperature expansion of free energy originates in δf (b) 3loop of (66), but the continuum limit of these diagrams should be handled with care. In the direct continuum limit (a → 0), integral (66) consists of two parts. The first one, containing two Bose-distributions, is UV divergent for all values of D ≥ 3. Instead of subtracting this infinite contribution, we may fully exploit the lattice regularization to remove the divergent term. If the wave vectors, whose energies does not appear in Bose factors of (66) , are kept within Brilouin zone, we find that first part of δf 
Here x denotes dimensionless wave vector within Brilouin zone, −π ≤ x α ≤ π, α = 1, 2, · · · D.
Now we calculate the finite part of δf
3loop in the continuum limit, the correction to (61) of order T (3D+2)/2 due to magnon-magnon interactions. Introducing dimensionless wavevectors x = k/ √ 2m 0 T , y = p/ √ 2m 0 T , and z = q/ √ 2m 0 T , we obtain the leading order term in δf where
and
In the absence of external field H, (69) reduces to
with I(D) ≡ I(D, h = 0). The numerical values of integrals I(D) are listed in the Table I for D = 3, 4, 5 and 6. We note that the value of the coefficient in T 11/2 term agrees perfectly with the calculations of [11] based on the dimensional regularization. For more details concerning numerical evaluation of the integrals I(D), we refer to the Appendix A.
The result (72) enable us to calculate corresponding correction to the spontaneous magnetization induced by magnon-magnon interaction. Since δ S z = −∂(δf 3loop )/∂(µH)| H=0 , we find
and n x = n x (h = 0) . The values of integrals J(D) are also listed in Table I . Again, for D = 3, we find excellent agreement with [11] .
At this point we may compare results from three-loop calculations for the free energy with those of section IV. The two leading order terms in low temperature series for the spontaneous magnetization due to magnon-magnon interactions were shown there to carry D + 1 and D + 2 powers of temperature, respectively. Results of threeloop analysis for the free energy reveal term with 3D/2 powers of temperature. For D = 3, the T 3D/2 term indeed represents the first correction to Dyson's T D+1 result. However, already for D = 4, contribution from T D+2 and T 3D/2 terms are of the same order. For D ≥ 5 leading order correction to Dyson-like T D+1 term is proportional to T D+2 , and is given in (40) and (41) . Further understanding of relationship between T D+2 and T
3D/2
terms may be reached by directly examining diagrammatic series for low-temperature expansion of free energy (see VI B).
VI. SYMMETRY OF THE EFFECTIVE LAGRANGIAN AND SPURIOUS TERMS IN LOW-TEMPERATURE EXPANSIONS
To gain further insight into the thermodynamics of D dimensional O(3) Heisenberg ferromagnet−in particular to see how various terms in the low-temperature expansion of free energy are generated by magnon-magnon interactions − we shall now obtain the most important results of Section V with the help of power counting scheme for magnon fields. The power counting schemes and structure of diagrams for low-temperature expansion of the free energy in cases D = 2 and D = 3 are given in [11, 12] . We shall now generalize these results for arbitrary D ≥ 3. In this section, the focus will be on the free energy per unit volume (f = F/V ), in contrast to the Section V, devoted to the calculation of the free energy per lattice site.
A. Effective Lagrangian and power counting
Following e.g [77] , we start from the lattice Hamiltonian (22) , and obtain continuous Hamiltonian density up to |p| 6 , organized in the powers of magnon momenta. We also include weak external magnetic field H = He z
I + H
II ,
H 0 describes free magnons with rotationally invariant classical dispersion
and the rest of terms in (75) are treated as a perturbation. While first terms in H (4) and H (6) modify dispersion due to the lattice anisotropies, the other contributions include magnon-magnon interactions. The formal values for coupling constants are l 1 = F 2 a 2 /24, c 1 = F 2 a 4 /720. This Hamiltonian is seen to arise from the Lagrangian
where L (2) is given in (17)
We see that, unlike spin-rotation symmetry, spacerotation symmetry is lost starting from p 4 terms. The crucial point in systematic EFT calculation of the free energy density comes from the observation that loop diagrams carry additional powers of momentum and thus yield terms with increasing powers of temperature. For the model of current interest, each loop is suppressed by D powers of momentum, as can bee seen from (14) [See also [10] [11] [12] ]. This, along with the fact that p 2 counts as T , allows for systematic organization of diagrams contributing free energy density [5] .
Before discussing the low-temperature expansion, we note that the single vertex three-lop diagrams , (80) with rectangle denoting vertices from H (2) , H (4) or H (6) (i.e. n = 1, 2, 3), are completely absent. This is true for all models containing only terms quadratic in U and consistent with symmetries of the Heisenberg model. To see how this happens, observe that WZW term always produce the six-magnon vertex with opposite sign than the one arising from terms with spatial derivatives only, as can be shown by employing the equation of motion. Thus, for model (77) , cancellation of six-magnon vertices is exact to all orders in |p|.
B. Magnon magnon interactions and low-temperature series for the free energy density Basically, two types of diagrams contribute to free energy. In the first of them, only vertices with two magnon fields appear. Their general form is (81) where vertex with 2n i powers of momentum appears k i times (i = 1, 2, · · · R). As loops are suppressed by |p| D for Lagrangian (77) , it is easy to see that diagrams of equation (81) contribute to low-temperature expansion of free energy with terms whose power of T is
. All of them describe the influence of lattice anisotropies, i.e. they correspond to the α i coefficients of the low-temperature expansion of spontaneous magnetization, given in (38) . Since all two-magnon vertices carry an even power of momentum, contributions from lattice anisotropies produce the terms with powers of temperature equal to D/2 + 1, D/2 + 2 and so on.
The first diagram that describes magnon-magnon interaction involves a single four-magnon vertex of H (2) . By dimensional arguments, it contributes with a term proportional to T D in low-temperature expansion of free energy. However, this term vanishes due to the spacerotation symmetry [10, 11] . Moreover, we shall now show tat even general class of diagrams, containing four vertex of H (2) and two-magnon vertices of H (2n) always vanish, i.e. they do not contribute to the free energy of O(3) HFM. To this end, consider the diagram (82) where we have, following standard conventions [5, 10, 11] , denoted the vertex from H (2) by a dot. The rectangles denote two-magnon vertices carrying 2n and 2m powers of p, respectively. First, split the diagram (82) into two pieces, one including four-magnon vertex of H 
II of (75) . Now
where first two diagrams in (83) and first one in (84) are to be multiplied by a factor of 2 and the rest of them by a factor of four. (The last two diagrams in (83) , as well as the second one in (84) possess additional symmetry due to permutation of blue and green vertices.) There are four more colored contractions in equation (84) which we have not displayed, since they are of the form (28) and thus vanish. The diagrams from (83) and (84) are to be evaluated using diagrammatic rules from the Section III, modified to compensate the replacement of lattice magnon dispersion with (76) . Finally, we see that diagram (82) is proportional to
A special cases of vanishing diagram (82) are the ones with single two-magnon vertex or with four-magnon vertex only.
In a similar manner, one can also demonstrate the vanishing of three-loop diagram (86) (see also [11] and discussion just before (67)).
Thus, a list of different diagrams arising from magnonmagnon interactions that actually contribute to the free energy of O(3) HFM is quite limited. The first term in the low-temperature expansion of the free energy density, carrying D + 2 powers of temperature (the Dyson term), is generated by the two-loop diagram .
Its value is
Out of the two-loop graphs, now comes the T D+3 term. It is given by
so that
Next enter three-loop diagrams. The lowest non-zero diagram is .
This diagram contains an infinite contribution (See the Section V). Its finite part is given by
where numbers I(D, h) are defined in (70) . If the external magnetic field is switched off, equations (88), (90) and (92) give three lowest contributions to free energy density due to magnon-magnon interactions for D = 3, 4 and 5-dimensional ferromagnets. It was already mentioned, in the context of spontaneous magnetization, that T 3D/2+1 term of (92) represents the leading correction to the Dyson's T D+2 term only for D = 3. This is understood quite naturally in the language of EFT: The T 3D/2+1 -term comes from three-loop graph (91), and with increasing D it is being pushed up in the temperature expansion compared to two-loop graphs (89). At D = 6, one also needs to include four-magnon vertices of order |p| 8 to calculate T D+4 term from two-loop graphs, which is of the same order as T 3D/2+1 term of (91).
H 0 and the coefficients l 1 and c 1 are the same as ones in (75) . The corresponding Lagrangian up to |p| 6 consists of three parts,
RPA , where each term contains contributions that explicitly break internal symmetry of the Heisenberg Hamiltonian (1)
It is easily seen from (93) that TRPA contains the same one-loop diagrams (81) as correct effective theory for HFM defined by (75) . The most important difference in low temperature expansion concerns the two-loop diagram of four-magnon vertex H (2) RPA . It is now given by = +
The dot in (95) represents four-magnon vertex of H (53) and (54)). In this manner, we have reached the same conclusion as in lattice regularized theory: the main reason for spurious T
D+1
term in low-temperature series for free energy is the explicit violation of internal symmetry of HFM by discarding magnon-magnon interactions from the WZW term. The effective action for TRPA Lagrangian is no longer O(3) invariant. Even though it was shown that spacerotation symmetry of leading order Lagrangian guaranties absence of T D+1 term (See [10, 11] for D = 3), we see that it only does so if the full spin-rotational symmetry of effective action is preserved (order by order, in the perturbative expansion).
The importance of WZW term in effective Lagrangian for ferromagnet was stressed in [6, 61] where it was shown that it is crucial for obtaining correct qualitative magnon spectrum in linear approximation. The present paper puts conclusions of [6, 61] a step forward in the sense that it is demonstrated how the thermodynamical properties of a ferromagnet depend on the magnon-magnon interactions generated by WZW term.
VII. SUMARRY
The method of effective Lagrangians is a powerful tool for analyzing the low-energy (low temperature) domain of models with strongly interacting constituents, provided spontaneous symmetry breaking occurs. Employed first for the description of low-energy sector of QCD, it soon found its way to the strongly correlated systems of condensed matter. A notable example for the latter class of systems is the isotropic Heisenberg ferromagnet, exhibiting O(3) −→ O(2) spontaneous breakdown of internal spin-rotation symmetry. Due to a symmetry breakdown, massless particles (Goldstone bosons) appear in the spectrum. In the case of Heisenberg magnets, Goldstone bosons are called magnons and for O(3) HFM, there are two broken generators and a single magnon. The EFT line of reasoning then constitutes in writting the most general Lagrangian (i.e. action) consistent with internal symmetries of the Heisenberg Hamiltonian, organized in the powers of momenta of Goldstone fields. By employing appropriate Feynman rules for time-ordered Green's functions of the effective Lagrangian, one can calculate free energy and other physical quantities of interest.
EFT is usually formulated in the functional integral framework using dimensional regularization. Lattice regularization, however, enables the effective Hamiltonian to inherit the full discrete symmetry of the original Heisenberg ferromagnet which modifies the free magnon dispersion from k 2 /(2m 0 ) to k 2 /(2m 0 ). In the spirit of chiral perturbation theory, where original quark and gluons of QCD are replaced with Goldstone bosons of spontaneously broken chiral symmetry, no reference is made to the original degrees of freedom, i. e. to the localized spins. The theory includes bosonic (magnon) fields from the beginning. Because of that, calculations in lattice EFT are free of certain types of approximations unavoidable in approaches relaying on equations of motion for spin operators or on their bosonic/fermionic representations. A vital part of our analysis is careful inclusion of the magnon-magnon interactions arising from the WZW term in the effective Lagrangian.
Calculations in EFT reduce to evaluation of various Feynman diagrams involving propagators of Goldstone fields. As Goldstone fields are derivatively coupled, the lattice regularization necessary induces diagrams containing at least one lattice Laplacian acting on propagators. The number of lattice Laplacians increases with the order of diagram, i.e. with number of loops. The structure of diagrams becomes even more involved if interaction part of Hamiltonian consists of several terms different in derivative structure since more than one lattice Laplacian may act on given propagator, as in the present paper. To get around these complications as much as possible, we have devised a variant of Feynman diagrams suitable for scalar fields with derivative couplings. They are applicable for lattice as well for continuum field theories. Corresponding Feynman rules are based on colored lines and vertices and are exposed in Section III C. All calculations in the present paper rely on this version of Feynman diagrams.
Once the effective Hamiltonian of lattice magnon fields is found, it can be used to study magnon-magnon interactions and their influence on magnon self energy, spontaneous magnetization and free energy of D ≥ 3 HMF. We have shown in Section IV that the Dyson's correction to the spontaneous magnetization can be obtained from one-loop correction to the magnon propagator, bypassing discussion on the free energy. The approach simplifies calculations and opens direct link to the standard theories of spin waves in the Heisenberg ferromagnet. In particular, using EFT, we have established connection between theories on nonlinear spin waves, Tyablikov GF method and importance of magnon-magnon interactions originating in the WZW term. It is also shown in Section IV that, similarly to pions in Lorentz-invariant models, ferromagnetic magnons remain "massless" at two-loop.
Further analysis of three-loop corrections to the free energy of HFM, presented in Sections V and VI, reveals how magnon-magnon interactions manifest themselves in the low-temperature series for free energy. The two-loop correction yields terms proportional to T D+2 , T D+3 and so on, while the three-loop corrections start with term proportional to 3D/2 + 1 powers of temperature. Discussion from Section VI shows how interplay between the number of loops and the spatial dimensionality of the lattice dictates structure of this low-temperature series. We also present numerical values for coefficients of T 3D/2+1 term in case of 3,4,5 and 6-dimensional lattice along with general expression valid for all D ≥ 3. While results for D = 3 are found to be in excellent agreement with recent literature, those for D = 4, 5 and 6 are completely new. The use of Hamiltonian formalism leads to certain simplifications in diagrammatic series for the free energy, as well as for the magnon self-energy, since six-magnon vertices precisely cancel to all orders in |p|. Also, using colored diagrams, we have shown that certain two and three-loop diagrams for free energy vanish. At the end of Section VI we show that spurious T D term in the low-temperature expansion of spontaneous magnetization characterizes theories inconsistent with internal O(3) symmetry of D dimensional HFM. For example, explicit breakdown of O(3) symmetry in Tyablikov RPA is caused by neglection of magnon-magnon interactions of the form π 2 π · ∇ 2 π generated solely by the WZW term, thus making TRPA a theory of pure bosonic lattice Schrödinger field. This becomes especially clear when TRPA effective theory is put in the form given in the Appendix B.
The Heisenberg model and the spin waves on hypercubic lattice have been studied in the past. These papers, however, focus on general properties of magnetic systems on hypercubic lattices, such as existence of the LandauLifshitz equation [78] . Also, their analysis relies on MF approximations [35] , coupled-cluster [79] and 1/Z 1 [55] expansion or RG methods [39, 80] . In contrast, we investigate the low-energy magnon-magnon interactions in detail. Explicit expressions describing their influence on the magnon self energy, the ferromagnet free energy and the spontaneous magnetization are presented in the paper. We also discuss subtleties concerning the influence of spatial dimensionality of the lattice and the number of loops entering the low-temperature expansion of ferromagnet free energy, which can not be found in earlier works.
To conclude, we may say that the lattice regularization offers new perspectives on EFT approach to Heisenberg ferromagnet. By keeping full magnon dispersion it extends EFT range of validity at not too low temperatures. It also makes comparison between EFT results and those of nonlinear spin waves/TRPA direct and precise. Finally, although the lattice regularization for effective Lagrangians of more complex models may not be as straightforward as for HFM, there seems to be no principal obstacle in extending this method to other systems.
